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The specie has the age structure, including the juvenile stage and adult stage, the
other specie remains unstructured. This paper studies the stability and permanence of
the Juvenile/Adult Ricker competition model. Using Lyapunov exponent we analyze the
dynamic behaviors of this model, and obtain the existence of the multiple mixed-type
attractor which explains the multiple mixed-type attractor phenomenon that found in

the lab by Park.
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Competitive exclusion principle is a
fundamental tenet in theoretical ecology. According
to this tenet, two similar species competing for a
limited resource cannot coexist; one of the species
will be driven to extinction. This principle is
supported by many mathematical models, the most
famous of which is the Lotka/Volterra model. The
Lotka/Volterra model has four dynamic scenarios,
all of which involve only equilibria as possible
asymptotic states. A coexistence case occurs if
the competition between the species is weak. If,
however, the inter-species competition is
sufficiently strong, then competitive exclusion
principle occurs. The competitive exclusion case
has three possible dynamic scenarios, depending
upon relationships among the model coefficients.
Two of these scenarios are symmetric cases that
have globally attracting equilibria in which one
species is absent. The third, has an unstable
coexistence equililbrium.

During the 1940s, 50s, and 60s, laboratory
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experiments played a key role in establishing the
competitive exclusion principle in theoretical
ecology. One series of laboratory studies was
conducted by Park and Mertz using two species
of flour beetles (of the genus Tribolium)'*. It is
interesting that although Park’s experiments was
considered a validation of the competitive exclusion
principle, there were some unusual aspects with
regard to classic competition theory, including non-
equilibrium dynamics, coexistence under increased
intensity of inter-specific competition, and the
occurrence of multiple mixed-type attractors. By
multiple mixed-type attractors we mean a scenario
that include at least one coexistence attractor and
at least one exclusion attractor. An coexistence
attractor is one in which both species are present.
An exclusion attractor is one in which at least one
species is absent and at least one species is present.
Park observed the coexistence case in an
experimental treatment that also included cases of
competitive exclusion, that is to say, he observed
a case of what we have termed to be multiple mixed-
type attractor.

Which type competitive model
contradicted the competitive exclusion principle
and explained the observed case of multiple mixed-
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type attractor®. Give us an example Juvenile/Adult
Ricker competition models except LPA model which
contradicted the competitive exclusion principle’.
Show that under certain conditions the model
possesses three attractors, two exclusion attractors
and one coexistence attractor. In this paper we
assume Species y is the stage-structured Richer
equation which extends the conclusion in °.
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Here 7 and 4 are the numbers of
juveniles and adults at time # of the species x .
Species.¥ in this model remains unstructured. The
parameter gi0=wu=11 is juvenile mortality rate. The
&b =0,1=12 are the inherent birth rates. s{=s=1718
the survival rates ande e =0i=12j=131 is the
density- dependent effects on newborn recruitment.
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Here we have delined ==&(1-41, we

assume n>l, b,+s>1, so that these equilibrium are

non-negative.
Theorem 2.1

Assume x=1,&+:=1, the extinction

equilibria E, =(0,0,0 is a repellor.
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extinction equilibria &, =t00,1 is arepellor.
Theorem 2.2

Assume e=p=l,d, +p=1,
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cigenvalues [4]<L|2..|]<1, so we know that
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By the relationship of Lyapunov exponent and
dynamical properties, we could obtain the exclusion

equilibria E islocally asymptotically stable.

We could proof (2), (3) and theorems 2.3
in the same way.
Theorem 2.3

(DAssume =1, & +s=1, D:cz-,-::(l-s)e-_:- .

¢, Inn
5 E . cyep .
D) if 2= : , the exclusion equilibria E, islocally

asymptotically stable;
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(ii)if wP= . theexclusion equilibria is locally
asymptotically stable two-dimensional torus(quasi-
period vibration);
(iii) if ,the exclusion equilibria is chaotic.
(2)Assume ,
(i) if , the exclusion equilibria is locally
asymptotically closed orbit (period vibration );
(i1) if ,the exclusion equilibria is chaotic.
(3) Assume , the exclusion equilibria is chaotic.
Theorem 2.4

If the interspecific competition is

suficiently strong the coexistence equilibria is
unstable (chaotic).
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Proof. The Jacobian at is
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The characteristic equation of the
coexistence equilibria is
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we know that &,.e., #e,c..(1-41, s0 Al <0.
Because limf(#)*0  the equation

Fra1=0 at least has one root which is bigger than
1. The coexistence equilibria is unstable (chaotic).
In order to investigate the possible occurrence of
mixed-type non-equilibrium attractors in the model
(1) under symmetrically high inter-specific
competition (as has been observed in more
complicated models that include juvenile life-cycle

stages). We can assume without loss in generality
(by scaling the unites of x and y that ¢, =c.. =1, to
study this investigation by means of a single
parameter problem, we can introduce the notation

c.
and ¢ T ¥ = c—' re-write the competition model (1)
12
as

T =BT e
2o =hye™ gy
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In absence of species x(J,=0), the

dynamics of species are governed by the Ricker
model equation
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Theorem 2.5
If & <&, the equilibrium of the model (3)

is stable.
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the equilibrium », =l'r1—'_5 of the model (3)is stable.
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the new equilibria of #[p)1=p are
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S0, (2) has stable 2-cycle m —p —3, =3 =
The difference system exits two stable
equilibria after twice iteration which means the
system
xists stable 2-cycle.
The 2-cycle (4) yields an exclusion 2-
cycle.
D)= 0= (0 ) —=(0p0) = ..(5)
of the model (2). This 2-cycle is stable on the
(invariant) y-axis under the assumption .
Next we will study the stability of this exclusion 2-
cycle in the x,y-plane and determine how it depends
on the competition intensity .
Theorem 2.7
Assume & 2B, B[1-u1>1. Let denote

the unique positive root of the equation
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1B s~ +s1=1,

) if = ¢, the exclusion 2-cycle (5) of the
competition model (2) is stable;
(i) if ¢ ¢¢", the exclusion 2-cycle (5) of the
competition model (2) is unstable.
Proof
) . (B 0
The Jacobian at (0,»] is [_ ™ e ]
. o [ BElaae 0
The Jacobian at (0,p7 is [ dave fleye H]

the eigenvalues of the matrix Ji0»1 Jfi0,»1,are
A =II][E:.I:1 —pe 10 A=A =I|1[5?|I11 3+

Under the assumption & > &, 0<4, <1
As afunction of , the first eigenvalue and
satisfies it follows that there exits a unique "= o,

such that gz"1=1.
So that if & »2",4 <1, the exclusion 2-cycle (5) of

the competition model (2) is stable; if ;3 o, & *1,

the exclusion 2-cycle (5) of the competition model
(2) is unstable.

Assume 0+: <L& 25" The bifurcating
stable 2-cycle (4)of the Ricker equation

»., =hpe“+sp 3 20 have for g=0, the
representations
|.'-L+r+1_3'+‘f-r'+=|:r':| |;-i—r+£
i— -1 =T
The loss of stability of the exclusion 2-
cycle (5) describled in Theorem 2.7 suggest the
occur- rence of a bifurcation of planar 2-cycle from
the exclusion 2-cycle (5). 2-cycles of the map
delined by (2) correspond to fixed points of the
composite map. The point corresponding to the
exclusion 2-cycle (5) is a fixed point of the
composite for all values of . On the other hand, a

rte(r )

positive fixed point [xr1=RK of the composite

corresponds to a coexistence 2-cycle.
Positive fixed points of the composite
satisfy the equations
flp,e) =0, glap,0) =0
Where
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Note that by the way that " is defined,

the point (xp1=i0x1 still satisfies these

equations when .
FOpe ) =0, g0 .e)=0
The Implicit Function Theorem implies

the existence of a solution branch
(el =(xp(zlel =] of the equation

Fla,pe)=0

(53,0 =00 ..(6)

that passes through this point, i.e. a branch such

that (0,x(0,e000 =0y,
Theorem 2.8

Assume 0<s <15(1- g >1 . If & 2 &, then
a branch of coexistence 2-cycle bifurcates from
the exclusion 2-cycle (5) at ;- ;.

Proof. Define ,and re-write the composite
equation (6) as

PIXE ) =13 (1= e =l
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where

P s = b= e BT o R e L s +sit
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by the Implicit Function Theorem

S0 g, =P 4 | .., =0, if , there exists a (unique,
analytic) solution z =z(x),@=axx) of (7) for on an
open interval containing x=0, that satisfies
g0} =a(d =0.
We can get 4 io.60-8,
g (0,0,0) >0

Since a=0, the Implicit Function
Theorem implies there exists a (unique, analytic)
solution pair =z =z(x),m=ax) of (7), for x on an

FABOD)m = L e L <0

open interval containing x=0, that satisfies
e(01=aid =0. so, there exists a solution branch
[anp,e) =(x2(xLe(x) of equation (6) that pass
through this point (0,00, =0, .=.).

The solution (x»1=(xpx0 is a fixed

point of the composite equation (6) for ¢ =aix) that
corresponding to a 2-cycle point of the competition
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model (2). When :=0, and hence = =z, » =».,,
this branch of 2-cycle intersects the exclusion cycle
(5). For x:0 the fixed point [x,2)=(x,p(x &
corresponds to a coexistence 2-cycle of (2). which
means a branch of coexistence 2-cycle bifurcates
from the exclusion 2-cycle (8) at ; - .
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